
Phy 102 Final exam 2010.

Closed book exam, 3 hours. This exam is worth 40% of your
grade.

1. (5 POINTS) If we decide to modify the vector potential as A
′

= A+∇ψ
(where ψ is an arbitrary scalar field), show that the scalar potential has
to be modified as φ

′
= φ− ∂ψ/∂t in order for the electric and magnetic

fields to remain unchanged.

First, Faraday’s law gives ∇ × E = −∂/∂t(∇ × A), which can
be rewritten as ∇ × (E + ∂A/∂t) = 0. The quantity inside the
parantheses can be expressed as the gradient of a scalar field
φ, which means that E = −∇φ − ∂A/∂t. After the modification
A → A

′
and φ → φ

′
, the physical quantities (E and B) have

to remain unchanged. So E = −∇φ − ∂A/∂t = −∇φ′ − ∂A
′
/∂t =

−∇φ′ − ∂(A + ∇ψ)/∂t, which means that ∇(φ − φ′
) = ∂/∂t∇ψ =

∇∂ψ/∂t. In other words, φ
′

= φ− ∂ψ/∂t. Since this is a repeat of
a midterm question, full points only to students who get it fully
right. No partial credit for those who don’t get it fully right.

2. (10 POINTS) Derive the continuity equation from Ampere’s law.

∇ . (∇ × B) = 0 = µ0∇ .J + µ0ε0
∂
∂t∇ .E, then use ∇ .E = ρ

ε0
. 5

points for those who do the first step: ∇ . (∇×B) = 0 = µ0∇ .J +
µ0ε0

∂
∂t∇ .E. Full points for those who use E = ρ

ε0
and complete

the derivation.

3. (5 POINTS) We have shown/argued that the general solution to the one-
dimensional wave equation

∂2

∂x2
ψ − 1

c2
∂2

∂t2
ψ = 0

is of the general form ψ = f(x±ct). Yet, the function ψ = cos(kx) cos(kct),
which is not in this general form, is a solution to the 1D wave equation.
How can you explain this? cosA cosB = 1

2 [cos(A + B) + cos(A − B)] (3
points), and since the wave equation is linear in ψ, the super-
position of two solutions is also a solution (2 points).

4. (10 POINTS) Consider the setup shown in Fig 1. The metallic bar is
being pulled to the right at a constant speed v in the presence of a uniform
magnetic field B that points out of the page. Show that the “drag force”
due to the induced currents in the circuit is proportional to v.

We get the back-emf E = wBv either by using E = dφ/dt =
wBdL/dt = wBv or by considering the Lorentz force FL on each
charge in the moving crossbar and using E =

∫
FL . dl (5 points).

The current I in the circuit is I = wBv/R (2 points), and the
Lorentz “back-force” due to this induced current is F = I×B =
B2w2v/R, which is proportional to the velocity v (3 points).

5. (5 POINTS) At a given point in space, you are told that the electrostatic
potential is 10 V. What, if anything, can you say about the electric field at
that point? Nothing. Because the electric field is the (negative)
gradient of the potential, and one needs to specify the potential
at two neighboring points to compute its gradient.

(5 POINTS) A sketch of equipotential lines is given in Fig 2. Indicate
the region where you would expect the electric field to be most intense,
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Figure 1:

6.

Figure 2: Problem 6

and explain your answer. The equipotential lines are most densely
packed at the left of the figure. In other words, that is where
the gradient of the potential is greatest, and the electric field is
therefore most intense there.

7. (10 POINTS) Consider the vector field shown in figure a. Can this be
a magnetic (B) field? Explain your answer (3 POINTS). If this is an A
field, what is the direction of the accompanying B field? Show how your
arrived at the answer (2 POINTS). If its a B field, ∂Bx/∂x 6= 0. So
the divergence of B 6= 0, and it cannot be a B field. If its an A
field, ∇×A = 0, so the resulting B field is zero.
Repeat the same exercise for the field shown in figure b; i.e., can this
be a valid B field? Explain your answer (3 POINTS). If this is an A
field, what is the direction of the accompanying B field? Show how your
arrived at the answer (2 POINTS). This field has no divergence, so
yes, it can be a B field. The direction of ∇×A (i.e., the direction
of B) is along the z-direction, and is uniform in xy.

8. (5 POINTS) Consider a plane parallel capacitor that is being charged
with a constant current I. Consider a point P in between the plates.
While the capacitor is being charged, at point P , there is a

• Constant electric field

• Changing electric field

• Constant magnetic field

• Changing magnetic field

• Changing electric field and a magnetic field

• Changing magnetic field and an electric field
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Figure 3: Problem 7, Figure a

Figure 4: Problem 7, Figure b

• None of the above

There is clearly no free current, but there’s a changing (i.e.,
time-varying) electric field. Consequently, by Ampere’s law,
there is also a magnetic field. Full points to students who have
chosen “Changing electric field and a magnetic field” (whether
or not they have chosen “Changing electric field”). But if they
have chosen only “Changing electric field”, they get 2 points.

9. (10 POINTS) Consider a solution to the 1D wave equation, that is given
by ψ(x, t) = exp[−(1/2)(x−vt)2]. The quantity ψ represents pressure, so
the solution corresponds to a pressure wave. Consider an observer with
a device that can measure pressure, and can make the measurements
almost instantaneously; i.e., (s)he presses a button, and the pressure
is immediately recorded. The observer makes the first measurement at
(x = 4, t = 5). Immediately after doing so, (s)he starts running along the
positive x-axis at a speed v, making measurements at regular intervals
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(say, every minute). The speed v can be taken to be nonrelativistic. How
will a plot of the recorded pressure vs time look like (you need to briefly
explain your answer): 5 POINTS

• A sinusoid

• A Gaussian (i.e., like the plot shown in Fig 5)

• A flat line; i.e., a straight line with zero slope

• A parabola

Since the observer is running in phase with the wave, (s)he will
always measure the same pressure. So the correct answer is “A
flat line; i.e., a straight line with zero slope”

Suppose now that the observer (who has the same pressure measuring
device) is initially at (x = −20, t = 0). (S)he starts recording the pressure
at regular intervals as before, but instead of running, (s)he decides to
stand still at the same position. How will a plot of the recorded pressure
vs time look like (you need to briefly explain your answer): 5 POINTS

• A sinusoid

• A Gaussian (i.e., like the plot shown in Fig 5)

• A flat line; i.e., a straight line with zero slope

• A parabola

Figure 5: Plot of exp(−y2/2) as a function of y

The observer is basically standing at a fixed position, watching
the wave pulse as it passes by. So the plot (s)he records will
look like a Gaussian (i.e., like the plot shown in Fig 5).

1 Some useful formulae and quantities

1.1 Maxwell’s Equations

∇ .E = ρ/ε

∇ .B = 0

∇×E = − ∂

∂t
B

∇×B = µ0J + µ0 ε0
∂

∂t
E
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E = −∇φ− ∂A
∂t

B = ∇×A (1)

1.2 Some vector formulae in cartesian coordinates

∇T = x̂
∂

∂x
T + ŷ

∂

∂y
T + ẑ

∂

∂z
T (2)

∇ .A =
∂

∂x
A +

∂

∂y
A + ẑ

∂

∂z
A (3)

∇×A =

∣∣∣∣∣∣∣∣∣∣
x̂ ŷ ẑ

∂/∂x ∂/∂y ∂/∂z

Ax Ay Az

∣∣∣∣∣∣∣∣∣∣
(4)

∇ . (∇×A) = 0 (5)

∇× (∇T ) = 0 (6)

Gauss’s divergence theorem:∫
S

A . da =
∫
V

∇ .A dv (7)

Stokes’s theorem: ∫
Γ

A . dl =
∫
S

(∇×A) . da (8)

1.3 Triads

In the cartesian coordinate system, x̂, ŷ and ẑ form a triad; i.e., x̂ × ŷ = ẑ,
ŷ× ẑ = x̂ and ẑ× x̂ = ŷ. The corresponding triad in the cylindrical coordinate
system is (r̂, φ̂, ẑ) and the triad in the spherical coordinate system is (r̂, θ̂, φ̂).

1.4 Continuity Equation

∂ρ

∂t
+∇ .J = 0 (9)

1.5 Lorentz Force

F = q

[
E + v ×B

]
(10)
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