
Phy 353 (Special Relativity and Electrodynamics) Spring 2012, Final exam (open book/notes)
Note: I need explicit arguments for every answer you give. Answers without reasons/arguments will not

be given any marks.

1. (5 points)

In relativistic electrodynamics, the following equation is valid:

m0
dUµ

dτ
=
q

c
FµνUν

where m0 is the rest mass, Uµ = (γc, γu) is the relativistic four velocity, τ is the time in the rest frame
of the moving charge (dt = γdτ) and γ−1 =

√
1− u2/c2. Extract the (3D) force law from this equation

(2 points) and show how it is different from the non-relativistic Lorentz force law (1 point).

Besides the Lorentz force law, what other equation is contained in it? (1 point) Explain its physical
significance (1 point).

Ans: For µ = 1,2,3 (the spatial part) the 4D equation reduces to γ m0du
µ/dt+m0u

µdγ/dt =
qEµ + (q/c)εµjkujBk. This is the same as the non-relativistic Lorentz force law, except for
the term involving dγ/dt. For µ = 0, we get d(γm0c

2)/dt = dE/dt = qu .E. This is an energy
conservation equation, which says that the increase in mechanical energy of the particle
is due to the energy imparted to it by the EM field.

2. (2 points)

Consider a current distribution that satisfies ∇ .J = 0. What kind of a magnetic field would this current
distribution produce; a steady one or a time-varying one? (explain your answer)

Ans: From the continuity equation, ∇ . J = 0 ⇒ ∂ρ/∂t = 0. Since ∇ . E = ρ/ε, this means
that ∂E/∂t = 0. In other words, the displacement current term in Ampére’s law is zero,
⇒ no time variation in B, or steady B

3. (5 points) The potential due to a static charge distribution can be written as

φ = φ(0) + φ(1) + φ(2) + · · ·

where φ(0) is the monopole term, φ(1) is the dipole term, φ(2) is the quadrupole term, and so on. At
a given distance R from the origin, which is well outside the charge distribution (the origin is situated
inside the charge distribution, as usual) evaluate the quantity∫

φ(1) φ(2) dA ,

where dA = r2sinθdθdφ is the area element in spherical coordinates.

Ans: φ(1) and φ(2) are Legendre polynomials of the first and second order respectively.
They are orthogonal, by definition; i.e.,

∫
φ(1) φ(2) d(cosθ) ∝

∫
φ(1) φ(2) dA = 0. Needless to

say, the limits of the integral are π < θ < 0 and 0 < φ < 2π. Also, this relation holds for
any pair of terms; e.g., φ(4) and φ(6).

4. (5 points)

Consider a distribution of photons that is isotropic in frame K
′
. Frame K

′
is in uniform rectilinear

(straight line) motion with respect to the lab frameK with a Lorentz factor γ � 1. In the lab (K) frame,
the photon distribution will appear beamed in the forward direction with an opening angle θ ∼ γ−1.
This is called the relativistic photon beaming effect, and is simply demonstrated by considering a
photon emitted at θ

′
= π/2 in the K

′
and finding the angle θ it corresponds to in the K frame.

Carry out this calculation and demonstrate the photon forward beaming effect by considering the
Lorentz transformation of the (four) wave vector kµ between the K

′
and the K frames. I want it done
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only this way, not any other way (4 points).

Ans: Use kµ = (ω/c,k). Then k1 = γ(βk0
′
+k1

′
). Or, (ω/c)cosθ = γ(β ω

′
/c+(ω

′
/c)cosθ

′
). Using

the “time component” of the Lorentz transformation gives ω = γω
′
, for θ

′
= π/2. (See Eq

48.18, L & L, for instance). Therefore cosθ = β + cosθ
′
, and setting θ

′
= π/2 gives cosθ = β.

In turn, this gives sinθ ≈ θ ≈ γ−1 for large γ/small θ

What is the relation between the frequency in the K
′

and the K frames? (1 point)

5. (5 points)

The vector potential in the far field is given by (Eq 67.3, L & L)

A =
1

cR

∫
jt′dV ,

where R is the distance between the origin and the observation point. Show (based on this expression
alone) that the magnetic field (in the far field zone) is transverse to R.

Ans: The direction of A depends upon the quantity in the integral, but this vector
fields depends only on R (all other dependencies have been integrated out). You need
to evaluate ∇ ×A. For simplicity, you can work in cartesian coordinates and take R to
be along the x̂ direction, for instance. If you look at the expression for curl in cartesian
coordinates, (since there is only an x-dependence) you’ll see that ∇ × A will only have
ŷ and ẑ components; i.e., its transverse to x̂. You can do this in spherical coordinates
as well, taking R to be the radial direction; just look at the expression for the curl in
spherical coordinates.

6. (5 points)

The radiation intensity pattern of a dipole has the characteristic sin2 θ pattern (Eq 67.7, L & L). L & L
derive this by using the expression for the magnetic field H due to a radiating dipole in the expression
for the Poynting flux S = (c/4π)H2n and then using dI = R2 SdΩ. Show that one gets the same result
(i.e., the sin2 θ pattern) if one uses S = (c/4π)E2n for the Poynting flux.

Ans: E ∝ (d̈× n)× n. The vector d̈× n is perpendicular to n, so E is also ∝ sinθ, just as H
is.

7. (5 points)

Consider a charge moving uniformly in a staight line with a velocity v = 0.99c towards a stationary
observer. Would the observer call the fields (s)he measures due to this charge an EM radiation field?
(4 points) What is the direction of the electric field measured by the observer? (1 point)

The charge is moving uniformly, so one can transform to the (inertial) frame where
the charge is at rest. In this rest frame, the situation is electrostatic, and there is no
radiation/photon. It follows that there can be no EM radiation in any other inertial frame
for this situation. So the fields that the lab frame observer measures will not correspond
to EM radiation. The direction of the eletric field is predominantly perpendicular to the
line connecting the observer with the charge.

8. (5 points)

One way of defining the Poynting flux S is via the “continuity” equation

∂

∂t

∫
W dV = −

∮
S . dA

where W is the energy density of the EM field (neglecting the presence of particles). Based on this
equation (and not anything else) come up with a definition of S in terms of the energy contained in the
field. (3 points) Write an expression for the momentum density carried by the EM field in terms of S.
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(2 points) Clearly state the assumptions you make.

Ans: By virtue of the “continuity” equation, the quantity S has to be the flux of the
quantity W , which is the energy density (erg cm−3); since the flux of a quantity is the
quantity multiplied by the characteristc speed at which its carried, it follows that S = cW ,
where c is the speed of light. The momentum density then is S/c2. The main assumption
used is that the characteristic speed is that of light.

9. (3 points)

Consider a thin, conducting wire oriented along the ẑ direction and connected to a power source,
forming a complete circuit. Consider two cases:

(a) The wire is carrying a DC current along the ẑ direction

(b) The wire is carrying a AC current (assume that the AC frequency is very low; say, 10 Hz)

For each of these cases, is there a Poynting flux? (1 point) If so, what is its direction? (1 point) Give
a physical justification for your answers. (1 point)

Ans: Its best to work in cylindrical coordinates (r, φ , z); The electric field (due to the
potential drop that drives the current) is in the ẑ (or -ẑ when the current reverses direction

in the AC case) direction and the magnetic field is in the φ̂ (or -φ̂) direction. Either way,
the Poynting flux will be in the −r̂ direction. This is a magnetostatic situation (for the
DC current, certainly, and also for AC, since the frequency is low) and energy is being
consumed (not radiated out) in driving the current. This is the interpretation of the
radially inward Poynting flux.
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