
Phy 353 (Special Relativity and Electrodynamics) Spring 2012, Midterm
Note: I need explicit arguments for every answer you give. Answers without reasons/arguments will not

be given any marks.

1. (4 points)

(a) (2 points) Consider the differential length element dr = î dx + ĵ dy + k̂ dz in 3-space. Does dr
behave like a covariant, or a contravariant vector? Ans: dx

′
= Σ(∂x

′
/∂x) dx, so it behaves

like a contravariant vector (by definition)

(b) (2 points) Repeat the question for the 3-gradient of a scalar function φ. Does ∇φ behave like a
covariant, or a contravariant vector? Ans: (∂φ

′
/∂x

′
) = Σ(∂φ/∂x)(∂x/∂x

′
), so it behaves like

a covariant vector, by definition.

2. (5 points)

(a) (3 points) Show that the usual expression for the energy-momentum tensor of an EM field,

T ik =
1

4π

(
−F il F kl +

1

4
gikFlmF

lm

)
is valid only in the absence of sources (i.e., in the absence of charges and currents). Ans: Note
that (§ 33), in order to make T ik symmetric, L & L add the term (1/4π)F kl ∂A

i/∂xl. In
order for this addition to not change the energy-momentum conservation equation,
its essential that ∂F kl /∂xl = 0. From the second pair of Maxwell’s equations (the
inhomogeneous ones) this means that the four current = 0; in other words, no charges,
no currents.

(b) (1 point) Also show that its trace is equal to zero. The trace of T ik is T ii = gikT
ik. Multiplying

the RHS by gik makes it = 0.

(c) (1 point) What is the physical interpretation of the fact that the trace of T ik is zero? Ans:
Boils down to the fact that E = Pc for EM fields (you can also think of it as massless
photons).

3. (3 points) True or False? (give concrete reasons)

(a) (2 points) The angle between E and H is invariant under Lorentz transformations. Ans: False,
for E .H is invariant; so the angle is not generally preserved. Its invariant only for
the special case when the electric and magnetic fields are perpendicular.

(b) (1 point) The total energy in an EM field is invariant under Lorentz transformations. Ans: False,
its H2 −E2 which is invariant, not H2 + E2.

4. (2 points) Show that the 4D charge continuity equation follows from

∂2F ik

∂xi ∂xk
= −4π

c

∂ji

∂xi

Ans: The differential operator is symmetric in its indices, and its applied to the antisym-
metric field tensor F ik. Clearly, the LHS will be zero. This means that the four-divergence
of the four-current is zero, which is just the 4D charge continuity equation.

5. (6 points) An alternative form for the Lagrangian density of an EM field is

L = − 1

8π
∂αAβ ∂

αAβ

How does this relate to the standard form

L = − 1

16π
Fαβ F

αβ ?

Are there any differences? (4 points) Will there be any differences in the equation of motion derived
from these two Lagrangians? (2 points) Ans: Upon expressing the field tensor in terms of the
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4-potentials, we get the difference between the two Lagrangians ∆L = (−1/16π)∂βAα∂
αAβ.

Now ∂β(Aα∂
αAβ) = ∂βAα∂

αAβ+Aβ∂β∂
αAβ = ∂βAα∂

αAβ+Aβ∂
α∂βA

β. The second term goes to
zero, since, by the Lorentz condition, ∂βA

β = 0. So ∂β(Aα∂
αAβ), which is the 4-divergence

of A, is equal to ∂βAα∂
αAβ. In other words, the difference between the two Lagrangians

is equal to a 4-divergence. We can transform the volume integral over a 4-divergence
into a surface integral over a 3-hypersurface using Stokes theorem. Furthermore, since its
the variation of the action (δS) that is relevant for an equation of motion, the integrand
is a perfect differential, and the integration sign drops out. The integrand needs to be
evaluated at ±∞, and this is = 0, since products of the four-potential typically die off at
large distances. So, although the two definitions differ by a 4-divergence, the equations
of motions derived from them will be identical.

6. (3 points) Sunlight with x erg s−1 is incident on the solar panels of a satellite which have a cross-
sectional area of a cm2. What is the pressure on the panels? Ans: The relation E = P c is valid
for EM fields too (where P is the 3-momentum. Since force is the time derivative of
momentum, and pressure is force per unit area, the pressure would be x/ca, assuming
that the panels are perfectly absorbing. Else it would be twice this value.

7. (4 points) In astrophysical magnetohydrodynamics, people generally concern themselves exclusively
with magnetic fields and their evolution (and not about electric fields), because

• The medium (i.e., the universe) is largely electrically neutral Ans: This means that there
isn’t much charge separation, which is needed for electric fields to exist

• The fact that there can be free electric charges, but no free magnetic charges Ans: The moment
there is an electric field applied in a charged medium, free electric charges imme-
diately move (if they can, as in a plasma) to neutralize the field. No such luck for
magnetic fields

• The velocities considered are generally nonrelativistic Ans: ..which means that displacement
current can be neglected. So Ampere’s law contains only the free current. The
electric field in Faraday’s law can be expressed in terms of the free current via Ohm’s
law. So we end up with a situation where the magnetic field and the free current
(which is the source of magnetic field) are the only variables that matter. In some
sense, this is equivalent to saying that its easier to work in terms of magnetic fields
and their sources.

Justify each of these points. You don’t need to have any prior knowledge about magnetohydrodynamics
or astrophysics in order to answer this question.

8. (3 points) Consider the action for the interaction between the particles and the field

Smf = −
∑ e

c

∫
Ak dxk = − 1

c2

∫
Aij

idΩ

As you would expect (from gauge invariance arguments), replacing Ai by Ai − ∂f/∂xi makes no
difference to the equation of motion. Clearly explain why, and how this is related to the charge
continuity equation. The extra term adds (1/c2)

∫
ji∂f/∂xidΩ to the action. If ∂ji/∂xi = 0, the

integrand can be written as the 4-divergence ∂(fji)/∂xi (using the chain rule). One then
transforms the volume integral over the 4-divergence into a surface integral using Stoke’s
theorem. But the surface extends to infinity, and varying the action (which is needed to
get the equation of motion) means that the integrand becomes a perfect differential, and
it needs to be evaluated at ±∞. There cannot be sources at ±∞, so the additional term
makes no difference to the equation of motion.
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